We employ Chirikov's overlap criterion to investigate interactions between subharmonic resonances of coherent structure solutions of the Gross-Pitaveskii (GP) equation governing the mean-field dynamics of cigar-shaped Bose-Einstein condensates in optical superlattices. We apply a standing wave ansatz to the GP equation to obtain a parametrically forced Duffing equation describing the BEC's spatial dynamics. We then investigate analytically the dependence of spatial resonances on the depth of the superlattice potential, deriving an order-of-magnitude estimate for the critical depth at which spatial resonances with respect to different lattice harmonics first overlap. We also derive a formula for the size of resonance zones and examine changes in our estimates as the relative superlattice amplitudes corresponding to the different harmonics are adjusted. We investigate the onset of global chaos and support our analytical work with numerical simulations.
Introduction
Bose-Einstein condensation was predicted in the 1920s by Satyendra Nath Bose and Albert Einstein and was first observed experimentally in 1995 using dilute vapors of sodium and rubidium that had been cooled to temperatures near absolute zero [Anderson et al., 1995; Davis et al., 1995] . A magnetically-trapped gas was brought to temperatures of a few hundred nanokelvins by laser cooling, left to expand by switching off the confining trap, and subsequently imaged with optical methods. The gas was observed to reside in the lowest quantum (ground) state, creating a Bose-Einstein condensate (BEC), which consists of several thousand to several million atoms. A sharp peak in the velocity distribution observed below a critical temperature indicated that condensation had occurred [Pethick & Smith, 2002; Dalfovo et al., 1999; Ketterle, 1999; Burnett et al., 1999] .
BECs are inhomogeneous, so they can be observed in both momentum and coordinate space [Dalfovo et al., 1999] . They have two characteristic length scales: the harmonic oscillator length a ho = /(mω ho ) (which is on the order of a few microns), where is Planck's constant, m is the mass of the atomic species, and ω ho = (ω x ω y ω z ) 1/3 is the geometric mean of the trapping frequencies; and the mean healing length χ = 1/ 8π|a|n, wheren is the mean density and a, the (twobody) s-wave scattering length, is determined by the atomic species of the condensate [Pethick & Smith, 2002; Dalfovo et al., 1999; Köhler, 2002; Baizakov et al., 2002] . When a is positive, the condensate atoms repel each other; when a is negative, the atoms attract each other; and when a = 0, the atoms are in the ideal gas regime. Additionally, the scattering length can be adjusted using a magnetic field in the vicinity of a Feshbach resonance [Donley et al., 2001] .
When considering two-body, mean-field interactions, the condensate wave function ("order parameter") ψ(x, t) is described by the Gross-Pitaevskii (GP) equation. When placed in a cigar-shaped trap, BECs are modeled in the quasi-one-dimensional (quasi-1D) regime, which is valid when the transverse dimensions of the condensate are on the order of its healing length and its longitudinal dimension is much larger than its transverse ones [Bronski et al., 2001a; Bronski et al., 2001b; Bronski et al., 2001c; Dalfovo et al., 1999] . In the quasi-1D regime, one employs the 1D limit of a 3D mean-field theory rather than a true 1D mean-field theory, which would be appropriate for transverse dimensions on the order of the atomic interaction length or the atomic size [Bronski et al., 2001a; Bronski et al., 2001b; Bronski et al., 2001c; Salasnich et al., 2002; Band et al., 2003] . In this situation, the GP equation has one spatial dimension and is written
where |ψ| 2 is the number density, V (x) is an exter-
, and ζ = |ψ| 2 |a| 3 is the dilute gas parameter [Dalfovo et al., 1999; Köhler, 2002; Baizakov et al., 2002] .
Potentials V (x) of interest include harmonic traps, periodic lattices, superlattices [Peil et al., 2003; Rey et al., 2004] and periodically (and quasiperiodically) perturbed harmonic traps. The ability to conduct experiments on quasi-1D BECs motivates the study of low-dimensional models such as (1). The case of periodic and quasiperiodic potentials without a confining trap along the dimension of the lattice or superlattice is of particular interest. Such potentials have been used, for example, to study Josephson effects [Anderson & Kasevich, 1998 ], squeezed states [Orzel et al., 2001 ], Landau-Zener tunneling and Bloch oscillations [Morsch et al., 2001] , the transition between superfluidity and Mott insulation at both the classical [Smerzi et al., 2002; Cataliotti et al., 2003] and quantum [Greiner et al., 2002] levels, and controllable soliton manipulation [Porter et al., 2006] . Moreover, with each lattice site occupied by one alkali atom in its ground state, BECs in optical lattices show promise as registers in quantum computers Vollbrecht et al., 2004] .
In experiments, a weak harmonic trap is typically used on top of the optical lattice or superlattice to prevent the particles from escaping. (The lattice is generally turned on after the trap.) In this paper, we consider superlattice potentials of the form
where κ 1 < κ 2 without loss of generality, V 1 = V 0 cos θ, and V 2 = V 0 sin θ. The superlattice's primary wave number is κ 1 and its secondary wave number is κ 2 . Varying θ allows one to adjust the relative contributions of the superlattice potential's associated primary and secondary harmonics. The wave numbers κ i and superlattice amplitudes V i are also experimentally adjustable [Peil et al., 2003] . The dynamics of BECs in superlattices has recently started to garner some attention [Porter & Kevrekidis, 2005; van Noort et al., 2004; Louis et al., 2004; Louis et al., 2005; Eksioglu et al., 2004] , as this system has novel, stable spatially extended states and can be used for controllable soliton manipulation. Only the case κ 2 = 3κ 1 , has been prepared experimentally [Peil et al., 2003 ], but superlattices with other ratios (such as 2κ 2 = 3κ 1 ) can be constructed by adjusting the laser beams used to create the optical superlattice. In the present work, we consider all real ratios κ 2 /κ 1 . The superlattice potential (2) is quasiperiodic when κ 2 /κ 1 is irrational and periodic when it is rational.
The remainder of this paper is organized as follows. In Sec. 2, we derive a parametrically forced Duffing oscillator, which describes the condensate's spatial dynamics, by applying a coherent structure ansatz to the GP equation (1). This is followed by a discussion in Sec. 3 of Chirikov's overlap criterion, which we apply to attractive BECs with both positive and negative chemical potentials to estimate the lattice height required for the onset of globally chaotic dynamics. We also derive an expression for the size of resonance zones. In Sec. 4, we compare our analytical estimates to numerically computed Poincaré sections. We summarize our results in Sec. 5.
Coherent Structures
We consider uniformly propagating coherent structures with the ansatz
where R is the amplitude of the wave function, θ(x) determines its phase, v ∝ ∇θ is the particle velocity, and µ is the BEC's chemical potential.
When the (temporally periodic) coherent structure (3) is also spatially periodic, it is called a modulated amplitude wave (MAW) [Brusch et al., 2000; Brusch et al., 2001] . The orbital stability of MAWs for the cubic NLS with elliptic function potentials has been studied by Bronski and co-authors [Bronski et al., 2001a; Bronski et al., 2001b; Bronski et al., 2001c] . To obtain stability information with sinusoidal potentials, one takes the limit as the elliptic modulus k approaches zero [Lawden, 1989; Rand, 1994] . Substituting (3) into the GP equation (1) and equating real and imaginary parts yields
This, in turn, yields the following nonautonomous, two-dimensional system of nonlinear ordinary differential equations [Bronski et al., 2001b; Porter & Cvitanović, 2004a , 2004b :
where denotes differentiation with respect to x and the parameter c, determined by θ (x) = c/R 2 , plays the role of "angular momentum" [Bronski et al., 2001b] .
When c = 0, Eq. (3) describes a standing wave. In this situation, Eq. (5) becomes
where δ = 2mµ/ , α = −2mg/ 2 , and ε = −(2m/ 2 )V 0 . We assume that the lattice depth is shallow, so that |ε| 1. The unperturbed Hamiltonian (corresponding to (6) with ε = 0) is
KAM theory guarantees that locally chaotic dynamics occurs near resonances for arbitrarily small ε > 0 [Guckenheimer & Holmes, 1983; Lichtenberg & Lieberman, 1992] . Perturbations of Hamiltonian systems that break integrability lead to increasingly large regions of chaotic dynamics in phase space as the size of the perturbation is increased. Locally chaotic configurations have small regions of phase space with trajectories that behave erratically, but such trajectories still remain within those regions. Under sufficiently large nonintegrable forcing, however, trajectories travel from one region of phase space to another, leading to global chaos [Lichtenberg & Lieberman, 1992; Rand, 1994] . In this work, we employ Chirikov's overlap criterion to estimate the value of ε at which the dynamics of (6) first becomes globally chaotic [Rand, 1994; Lichtenberg & Lieberman, 1992] . Chaotic regions in phase space are identified from fuzziness in Poincaré sections, whereas integrable trajectories are represented by continuous curves. In the context of BECs, increasing ε corresponds to increasing the depth of the wells in the optical superlattice. Fixing the other physical parameters, we examine the development of chaotic dynamics through spatial resonance overlap as the lattice depth (which can be tuned experimentally) is increased.
It is also important to keep experimental limitations in mind. We do not incorporate a weak harmonic trap in (6), assuming instead that the superlattice is present for all x. From an experimental perspective, it cannot be ignored after some finite number of lattice minima. Thus far, BECs in regular optical lattices with up to 200 wells have been created experimentally [Pedri et al., 2001] . The use of infinitely many wells is a standard theoretical approximation and the resonance overlap we study pertains experimentally to a finite number of wells away from the edges of the weak trap, for which it is permissible to ignore perturbations due to the trap.
Chirikov's Overlap Criterion
Chirikov's overlap criterion is used to study the transition from local to global chaos in Hamiltonian systems. The last remaining KAM surface between primary resonances is destroyed when the sum of the half-widths of the two island separatrices formed by the resonances equals the distance between the resonances. The system's Hamiltonian is used to estimate the minimal perturbation strength ε for which these separatrices begin to touch. We derive analytical approximations for the locations and sizes of the resonance zones to estimate this critical ε when the two primary resonances first overlap, leading to the onset of global chaos [Rand, 1994; Lichtenberg & Lieberman, 1992] .
A Hamiltonian system has the form
where the Hamiltonian H = H(q i , p i , x; ε) can be expanded in a power series in ε as follows:
The nonintegrable Hamiltonian of the parametrically forced Duffing equation (which is a nonlinear Mathieu equation) (6) is
We set ε = 0 to consider the unforced (integrable) system,
which we solve approximately by keeping a single harmonic, R = A cos(ωx),
One can alternatively solve (11) exactly using elliptic functions, as has been done previously for applications of Chirikov's overlap criterion to nonlinear Mathieu equations [Zounes & Rand, 2001 , 2002a , 2002b . We substitute (12) into (11) and neglect all harmonics beyond {cos(ωx), sin(ωx)} to obtain an approximate expression for ω as a function of A,
The next step is to transform to approximate action-angle variables. Suppose the angle is given by q = ωx, so that
The action variable p is then defined so that
where ∂H 0 /∂A = δA + (9/8)αA 3 . This yields the differential equation,
governing the dependence of p on A.
We substitute (12) into (10) and neglect higher harmonics to obtain
We consider attractive (a < 0) condensates with both positive (µ > 0) and negative (µ < 0) chemical potentials, although only the derivation for the latter case is presented explicitly in this paper. The same method works for attractive BECs with positive chemical potentials [Zounes & Rand, 2001 , 2002a . For negative chemical potentials, the parameters are rescaled so that α = 1 and δ = −1, which we substitute into (16) and (17) to obtain
and
We integrate (18) to yield
which implies that
where d = 8 + 243p 2 + 9p 48 + 729p 2 . This gives an approximate canonical transformation from (R, P R ) → (q, p): R = 1 3 2d 1/3 + 8d −1/3 + 4 cos q,
The Hamiltonian (10) is thus written
Near-identity transformations
In this section, we apply a near-identity transformation to the nonautonomous Hamiltonian (23). This transformation has the general form [Rand, 1994; Guckenheimer & Holmes, 1983] 
where
are chosen so that the transformation is canonical.
First, we extend phase space, so that (23) is writteñ 
We use trigonometric identities to isolate harmonics and obtaiñ
We define another near-identity transformation, from (q i , p i ) → (Q i , P i ) as
We choose a generating function W 1 to simplify the transformed Hamiltonian,
where [Rand, 1994; Goldstein, 1980] . The appropriate generating function has the form
We choose W 1 so that the Poisson bracket {H 0 , W 1 } eliminates all the trigonometric terms in K 1 except for a single term, a so-called "nonremovable" term pertaining to the resonance zone of interest. There are four possible choices for this term, which have corresponding prefactors C i + and C i − for i ∈ {1, 2}. One chooses i = 1 to examine resonances with respect to the primary lattice harmonic and i = 2 for resonances with respect to the secondary harmonic.
The coefficients C 1 + , C 1 − , C 2 + , C 2 − , C 3 , and C 4 are given by the formulas
,
The denominators in C i + and C i − vanish, respectively, when 2h + κ i = 0 and 2h − κ i = 0, indicating the presence of resonance zones. In the calculation below, we consider resonances with respect to lattice harmonics due to the latter condition. We find the locations and sizes of these resonance zones and use Chirikov's overlap criterion to estimate the value of ε at which globally chaotic dynamics occurs.
We obtain [Rand, 1994 ]
which yields the transformed Hamiltonian
Analytical estimate of the critical lattice height
We obtain an autonomous, one degree-of-freedom system (for a given i ∈ {1, 2}) with a linear, canonical transformation,
The resulting Hamiltonian is
where G 1 = 8 + 243Y 2 1 + 9Y 1 48 + 729Y 2 1 . After the transformation, X 2 is no longer explicitly present in K (i) so both Y 2 and K (i) are constant of motions [Rand, 1994] . Therefore,
We determine the equilibria from Hamilton's equations,
where N = 486Y 1 + 9(96Y 1 + 2916Y 3 1 )/(2Y 1 48 + 729Y 2 1 ). 
where we have employed a power series expansion to approximate the value of Y * (i) . The integrable Hamiltonian (34) has a pendulum-like separatrix.
We denote the location of its saddles by Y (35) and has the same Hamiltonian value as the saddles (because it too lies on the separatrix). Therefore,
. (37) This gives the equation
s + δ i is to be determined, and
We set δ i = k i √ ε + O(ε) and write Eq. (38) in the form
We expand (39) in a power series in
Recall that κ 2 > κ 1 . As ε is increased, individual resonance regions associated with each of the lattice harmonics begin to overlap when the minimum of the separatrix height Y (41) also gives an estimate for the separatrix size, which is
Resonance overlap occurs when
which yields the order-of-magnitude estimate
for the critical lattice height at which the transition from local to global chaos occurs. We similarly obtain an equation to estimate the critical ε for α = 1 and δ = 1 with the same analytical procedure:
While our analysis is only guaranteed to give an order-of-magnitude estimate for ε cr , our numerical simulations (discussed in the next section) reveal that this estimate can sometimes perform far better in practice. By construction, estimates obtained using Chirikov's overlap criterion give an upper bound for ε cr because one is examining the overlap of resonance bands when all pertinent KAM tori have been destroyed [Lichtenberg & Lieberman, 1992; Rand, 1994] . Strictly speaking, the series approximation (36) removes this guarantee, but one still nearly always obtains upper bounds in practice. (In particular, our estimate provided an upper bound for every example we studied.)
Numerical Simulations
To support our analytical work, we numerically simulated Eq. (6) for several values of V 1 = V 0 cos(θ) and V 2 = V 0 sin(θ). We examined situations with different relative contributions of the two lattice harmonics. Specifically, we considered θ = nπ/16 for n ∈ {1, . . . , 7}. (When θ = 0 and θ = π/2, one of the forcing terms is identically zero, so only one resonance is being excited.) In our simulations, we scaled (6) so that V 0 = 1.
We tabulate our analytical and numerical estimates for α = 1, δ = −1 in Tables 1-3 and for α = 1, δ = 1 in Tables 4-6. The critical lattice depths Table 1 . Critical lattice depths for the onset of globally chaotic dynamics for a quasi-1D BEC in a superlattice with integer wave number ratio. Adjustments in θ indicate different relative contributions of the lattice harmonics. In this table, we consider attractive condensates with negative chemical potentials. The parameters are α = 1, δ = −1, and κ 2 = 3κ 1 = 3. As discussed in the text, the analytical results give a rough upper bound for the numerical estimates. Note additionally that V 0 (and hence V 1 and V 2 ) can be scaled so that εcr is small enough for the perturbative analysis to be valid. Table 5 . Same as Table 4 , except the superlattice has a rational wave number ratio. The parameters are α = 1, δ = 1, and κ 2 = 3κ 1 /2 = 3. for κ 2 /κ 1 = 3 are shown in Tables 1 and 4, those for κ 2 /κ 1 = 3/2 are shown in Tables 2 and 5 , and those for κ 2 /κ 1 = √ 2 are shown in Tables 3 and  6 . Strictly speaking, our perturbative analysis does not apply to the numerical results in Tables 1, 4-6 because ε is too large. However, one can rescale the parameter V 0 to reduce the size of ε cr so that the analysis leading to (45) Tables 4-6 to allow a more  direct comparison with the results in Tables 1-3. When ε is small, resonance regions arise from invariant tori of the form (1/2)P 2 R + (1/2)δR 2 + (1/4)αR 4 = C i = constant, where i ∈ {1, 2} denotes whether the resonance is respect to the primary or secondary lattice. Poincaré sections for 
Conclusion
In this work, we derived analytically an upper bound for the critical lattice depth at which the spatial dynamics of BECs in superlattice potentials exhibits a transition from local to global chaos. This transition arises from overlap between spatial resonances with respect to individual lattice harmonics. We considered attractive BECs with both positive and negative chemical potentials and investigated the change in the derived estimate as the relative superlattice amplitudes from its two harmonics are adjusted. We also extracted the sizes of the associated resonance zones. To obtain our estimates, we examined coherent structure solutions of the Gross-Pitaevskii equation governing the meanfield dynamics of BECs and applied Chirikov's overlap criterion to the resulting parametrically forced Duffing oscillator describing the BEC spatial dynamics. We supported our analytical work with numerical simulations.
